(Lagrange's Equations) 
(Generalized Coordinates) L»UJ I oL!i I a*V I f "j »-. 1 - 6 

^-^ (/* </^' (iHJfJ UL*^ J n«'i..u 

(1-6) F=ma 

<J^J <J\ ^i <riie Jl ^jL^j .ic^y 't-ui>« jI^V ^L^ 1 »^» J* Jb 1 ^ fi 
<Pj(l.iJI- oLSIa^ JuilSII oLLLUI <JVa, ^jL^ll oL>S j^^y .^1 ^ 
J**l^ V jl^Vl ^ j& J> Liil V] .s^iLu, jtf^Ji oVjLl^ LLjSj <(xj,z) 
J>iiJI 4^. i^ijj ji*i .JSLJI ^^xJ L£>L, <^£ V a3 1+iV oLslj^VI 6i* 
JjaiJI Jl^l tf x. Je. Jj3 ^10 ijjI^JI Jlo,1,„[ J^iiVl > <il Lj^j 511. 
<s£jr» lj$ j^Lk ^^ 4^ JLJjj ^ jj] x ^ «^ ^jiLill j^l ^ 

^^Jl j^,^ jjo^U (xj) ^ Vj, (r,0)< jjUiil oLila^VI l:. «^-... i F(r) 

.dLtljj Ij^jhj (S^jUl jS jl 2... .'.I I , 

Ifji U, .j.Loa.Vl 4^p. <^ljj l < l n < -, .. -. (J all oLSIj-^VI J£ Jc jlki dljl 

jlcj . (generalized coordinates) U UJ I c. LJ; I ^ y I ^J ^ tiji I L5 1 o^V I 
u^ ujmLS ^ Liu ,0,0) Jlo .LoL oLula^l JLtl,,,) ■ .IL-- ; n .... j^ 
<-L*ll oLSL^VI ^1 l^^j ^ iujlijl c.LSIja.VL (1-6) <JjLJI ^ ^till 
3>JI -k^.1 jj£ V j5 IL^II 6ia j,] VI .4^,11 ^1 ^ Ll« US .hJLH 
oLSIa^VL. 4^1 oVjLlx JLLS ^ U^u <L^j jUJ liJ* Ijl .U^lj 
oVjL^ 4-^U li» .^jKjJI oUla^VI Jl ^JJI ^ a Sj^iL^ LoUJI 

.J^-aAJI lift ^i L^Lujji ^1 gJ^cV 

6J4J .4^11 oVjUJL Jt^^i! <3UJI > nj-1,.,-1 l^L ^I^V oVjlx* jjyf, 

.44^1* oLwS tSi iJI Liu .ijjjt 4jo£ <5LUI jV ia^.lj iJLAii 4X^1 
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(Lagrange's Equations) £* t^Li c*i abu 2 - 6 

^i LuJ ujl^ JjIaj i (q v q y q (i ) ( ^\!li\j <(q v q 2 ,q^) JbV' j^^l oLslj^J 

:otibUJL iujliull oLulj^VL JU£j2 c^ 1 ^' (^ > ? 2 ' " ' '^A' ^ f**^ ^^ 



(2-6) 



#1 — ^i ( ^i , qi > • • • > #3A r ' ^ ' 

*# = Z# (^ ,#2,"->#3A T '^ 



(3-6) 



i^jl^jjl oLiilj^VI <liju ioUJI oLiJla^VI LK j^u .juUL 



#3A' —^?3iV (• x l>J ; 2'---,-Z/V >*) 



6 ,iJb JaiSjS .(1-6) JUJI ^ L£ .(r,0)3uA5ll jl (xj/tujllull oLsl^VL 

x=rcos# 



, ? 2 



= tan' 
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(4-6) 




m 



y 



x 



(1-6) J££|| 






: <a£^aJI <I5LUj 



(2-6) oU^UJI llo^n.J |j| 



<?X . <9x 



<9x 



<?x 



3N 



(5 -« J >=^* + S:* + - + ^-*» + ^ = S 



<?x . dXj 



d<h" <V '" %* dt~^d % 



%+■ 



dt 



Uiil Ijl JIjJ .Joii b q 5Nj . . . jq 2 j q^Jc. ^ dx./dt J x>±*. --:-....: 

■ j^ q k J i^lL (5-6) JttiUIl ^^y 4^j^J| .- I3-.7.I I 



(6-6) 



c?x dx 



■^ Cy>jU <-u_uilL jlSLiVlj-j-.-j Sja^Vl 5i}UJI ^jJa ._. J .A 1 



d dx . d , . dx, . 



^ f ^ /1-2m .. <?*,- . <?X 
— l-r— (7^ ) =X -r-^+X L 

* ^ 2 ^ ^ 
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=wii m .^juuu^JI itlj Sj^Vl iSbUJI ^jJo v>^ ^ 



(7-6) 4^i m ^ 1= K*;)f^+^(^) 

F f = m t x { 
(7-6)<5iUJI ^j, n -> « Liki IjU ./^j.m^II ^ SjSjll i^j^JI SjSJI <L^a^> ^ 



t 3 3iV 3N d 3 3N 

(8-6) ^(I}^)] = X^^^^ 



3/V 

(9-6) ^ = E ( 2 W ^ ) 

1=1 

:<&UJL <Q< (generalized forces) L*UJI<^UI ^->M5 
(10-6) a= ^ij|S- * • 

:ji (8-6) <fcuii gb^ 



(11-6) 4| Z - = | Z - + ^ ' *-1.2,.-.,3iV 

dt dq k dq k 

. (Lagrange's Equations) j^iji-i c»i jL*-a(ll-6) 0U3UJI ^^-^ 
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(generalized momentum) ^ L»J I *J>.jl 13-6 

(13-6) T = \m(x 2 + y 2 + z 2 ) 

.(jjL, f^tj ^ij^l ( ^kiJ| ^^j| oL^^ ^ 6 ^ 
:lij?.jl ^U-Sll oLplj^VL jl^, ^j J^l CJ ,„ ? ^^ <5Lk lL3£ ^ Ll 



r=lw(r 2 + r^ 2 ) 



Pe=-^=mr 2 j p = = mr 
du dr 

P rJ (ffJJ ^U Z^I^JI ^j|| ^ p } j^j ^^j, ^^ ^ ^ i^j 

. Tjt^Jcill 6 LpVL ^i^JI ^jll 
<^ ^'jlj^I ^ijllj <<JUiiVI K^ ^J| ^1 j^ fU j| ^lj 
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(Principle of Virtual Work) ^^ua f >»iy I J^jlI I 1 Jjugj <Lo L*J I (jjZl I 4 - 6 

pi <u 'M^l l (JiLuj Ldl£. Jj«i^l Ji-All <lVj_i <LoIjlII (^ill aj actl ^jjb ^i ^JjJlLuu 

^^ <• • • j <^$ ^^c^ 11 j^ g ^+<-v ov • • jjv^fr^w <> W-e 

N 

(15-6) 5^=^(45^+^5^+45^ ) 

51^1^ IjJ < a u£*JL . 5W J* ,ull i^L.i^ jfLoj SiXiC ia^k* F. <£>fiJI Cut£ IjU 
.iojialil ^jJc SjJjil <LaL*JI <_£>lll iij-*-a <J^f JjJ^£- ( L^=^ j] Lajj^i) La^Luo 

. . j8y 1 j8x li £juaie. Jl£ul J£ J^i ^> (13-6) <bUJJ Llll liJc <JLJI 61a ^ 
6J-A jy> j^ljjfj ^^Jc jJJsu .cj! rtj.M-^ll ^aa j\ * 1 s> rLfj^l <^l JIaj 5z j5j j 
j] ^jjj-^JI ^ ^uJ <gV (virtual displacement) ^^^l^lal J llli I ^xJ oV 12UV I 

.dial jLj^UI JxJJI 
:oli (2-6)oVjbdl um^j 



(16-6) 5z f =£-^-5^ , 8% ="£^-8% , 5^. =£3^-5^ 

A=l^ *=1^ *~1^ 

:j^ (13-6)oVjUII ^i oU^Ull 6JJb ^jAjjjlL 
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<=iV *=i** *=i c '* *=i°'ft 



3iV 



' N ( 

s 

.i=A 



Pw ^+K t $L+nd« 



d % iy d % lz dq± 



to J 



H 



J*-"*" j^=^ I-3J *Q, i-oUJI S^ill. Jl<u [ ] ca^j-^11 u±i A^ji' ^-^1 0* -^^ 



:^JI LjLu^ L5 ^J J laVI 



(17-6) 



(18-6) 



(19-6) 






3A' 



<5^ = a<% 



^ j» 



^I^VI ^aii. Lji* (^ 1*1*11 ^jill JjLi, ^Jx. <LLJ| ifeUJi ^51^, Jj: 






x— rcosO 
y- rs'mO 



:J*\mi1L SjjjII S5DI ^"^ L^ 



*=F x i+F y l=F r r 1 + F e Q l 
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:ol (2-6) Jlill <> Jia^li 



F r = F x cos9 + F sin 
F e =-F x sin + i 7 cos 6 




(2-6) JLill 
:v ^ii £ fe v Lu^J (10-6) <Ll*JU f , 



■tVn m \ y\ *<» 



Q = F X —+F y 



dr y dr 



-^ = sm6 j — = cos0 



Q, = /5 c cos0+F :v sin0=F r 



h i 7 — — 

de y dd 



Qe = F x ~+? y ^ 



dy_ 

de 



= rcos6 j 



dx 

~de 



-rsmO 



Qg - -rF x sinO + rF cos 6 = rF e 



194 



■oj£±* 



:Jl£j 



ixuxU <^UL [+ajc Q r Liu (F r ) r 6 U:L iiUill Sjill i&j* ^ Q Ji h^^i 



a 



XrF ) 



(Conservative Forces & Potential Energy) *-J*jl \ il LLj LUi Lai \ (jj$l 15-6 

V=Kx v ..,z h )^j <SLL <> <£Liio ^i ,<kiL^> i^., . . . <F lx &jil\ cuK Ijl 

dV 



(20-6) 



IX 


(^Xj 




<9K 


^ = 


<^i 




dv 


4z = 


dz x 


F„ = - 


dv 



l Nz 



dz K 



:<ji ^i ^fj .^v jIjIoj id^kill Jim Laic (20-6)^^111 JjLi ■_ — .'« Ldk. 



(21-6) 






(22-6) 



(23-6) 



(24-6) 



y=Kfc,ft. ••• ,^) 



3N -w 

k=\ d 4k 



■,K1 



:,j1 g~» Yi i m'i liiU (17-8) <JjL«iL <ljLJ.I aIa <ijliiu 



Qk=- 



dv 
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<SLL ^a 3-oUJI (gjZll oLu^ Lflkxx.1^ ^L ^1 iii^UI Sjjl^VI <<bUll ^Utl 

^l^^oVjU^jil^LJll^^iJI 6-6 

: ^ j^l>V oVjbd ^ bill JLuSJI J| (2-6) S^iiJI ^ Lj^j 

(* = l,2,- ,37V) , —__ = -_+ a 

<JaiLx^Q Lo <-aj)k\o j _Lc Sjj^il (_^>ill cut^ Ijl <GI <_5-»L-uJI SjiiJI ^i Lj^j L^ 

V(x l ,y l ,z l ■■■ ,x N ,y N ,z N )=V(q l ,q 2 , ■■■ ,q 5N ) 

:<5iUJL ioUJI (jj*l\ ^U* - ! jjjjt 

</ <9r <?r <?f 



(25-6) 



(26-6) Z = F-K 



(27-6) iA_A =0 

dt dq k dq k 



: jaull Jc (25-6)y^ij 



1,2,..., 3N 



gJil^cV oVjLsl-o (27-6)oU^LjlII ^Utlj i(Lagrangian) ^Iji-V <Jlj ^uJZ^^Jc jJI=u 

. <Ja£L^o (^3^U 4* 1 ALL <Loj) h *t I, 
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<?Z 



Pk 



d %. 



< I a 4-U o Lp 1 ja y I j <^>aJ ) 0-1 l>i 7-6 

(Constants of Motion & Ignorable Coordinates) 



d dL =Q . <?Z 



(30-6) p ^L = cuC . 

. (Constant of Motion) A&j*.c*tlhp kJ (ignorable coordinate) Jj^^ Ji\ x^\ <<JUJI 

^ Jji1, , .'i Jj ^ Jj )->"in l l « h im'iI L gjljtV <Jjbui Jjs. ^1 jU.AW 4JLJI 6 jjfc ,j 

.SjjiL-a gJljc-V oVjU-o <uaj ^ I d 1 Ajjajj a >_il ■■!->! Lulj p ^jj^ 

:4j3^j-o S^il a-loL*. ai.i-%1 jyjIjiV <Jlj ■ ■"<"■ ij5j L ( Jc JiaS 

L = \m(r 2 +r 2 e 2 )-V(r) 
iSj^iLo i.Ti^'t dial <jj'jJI (^ .XftlviVZ ^1 U^'. 
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dL 2 • 

pa- — -=mr 0-^ 



= ^3- 



• W tfl 



mr 2 



«Jl*i8-6 



: (TTze Sfmpfe Pendulum) L - — * I JjdlJ I 2-6 JIu O 

: ri£j^JI <G5LL> kS&V* <l <ij^j w<lt$ U^Mti JjSu «S^. a"j^J 

r = lm(Jc 2 + j; 2 ) 

:0i (3-6) J1A1I <> J*** 

jt=(/cos0)0 <= x=lsin6 

J 

j; = (/sin0)0 <= y = -lcosO 

T = \ml0 2 

7= mgy = -mglcosO 

:0 ^UJI ^I^VI <IVj, Z^I^V <JIj j^ dli. 



L=T-V=±mW 2 +mglcosO 
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* X 



(3-6) Ji^ll 



d dl ,2* dL i • 



:4loj 



:/il L£ 



— --mglsmd 



:*uljfi.y <JjLjla »"<** 



dt db ~ de " 



mrO+mgl sin0 = 



:ji 



0+-£-sin0 = O 



.4JJ/JII Uimh II JjjiJI <IjIa« ^j 



*" fc*>* £-» <— ** <."»<M«<rfj*>»0* jjjSlS C^i f-j-^ <S^ 3-6 Jl* O 






Hr) = -|>(r)rfr = - 
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k 
r 



■JC.7.II ^c I o ; -<-.i i^JI <3LUI Ll 



r = ±m(r 2 + r 2 2 ) 



^IjtV 



<Jb jiJi 



I=r-|/=k(r 2 +r^ 2 )-- 
2 r 



d dL dL . .. A2 k 
= => tnr-mrd — = 

dt dr dr r 



dt de de dt 

a ■<*£>» sj* 1 t^ 1 ^ f^ 1 ^ ^-^ * ijt ^ JI ° VjUI1 ^ 6i * 



(Constrained Motion) j^U <x-i» La. <ulxi l5L»-a La>llLa <£>* 9 - 6 

%^J «gil>V o^aU^ l^i Jx^CL^ ^1 eLi&jll > <-^l JiL-ll *> 
. (constraints) llsx* jj^SJ <*^U. i^&JJ V**" 11 U^* uj^ i^ 1 ^ '' ll'.'^"' 

^l„ .„, .(number of degrees of freedom) 4-ij^JI oL^jj ji* ^' <^ i^^ill 
^ i^ d^i; Ll- U... ? L^icl jl U ,£iCi ^1 <*L^iil ^i <GLSI^I 
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j^-aJI 'jM« <j£J .oLuljcJ 4WJ ^1 ia.Ua. Ul yjl .Jajj j-.,.. ^i. UK «JC 

J\ (jj^ U, ,Ujj iL.G ^ J\ ^^ <cu ^jCLki J£ c^ iiUJ.1 jLi oU 

.Jaii O-ou j-A ■ .l.*~ll - . ..-. II 

N > iiJj^ i^ln. UJ ^AiJ ji j^ ^Ul j^ui ^ ^^ ^ ^ 
i^xU <*jkUl L.LJI oLSI^VI ^ ^ <35Lt c JLa jl£ Ijli 1..... ? 

(31 ~ 6 ) <t>Mx,q 2 , - , q iN ) = i = l,2,...,c 



■ (holonomic constraints) IjutjiJjA j^y-J^I 6i* Jt jlki ^.ac 

(32-6) /=3iV-c 

UU .(31-6X1 JSU* JS.i, .j^sJl ^ UiU <,LS jl^VL ^ fJ Ijj U 

. (non-holonomic constraints) ia-»>i ^jjk jji jj^sJI jl J^ 

* , * 

jAa^ J 1 Vr^! ^.""-W l \±*> oLulaa.1 jjl jl .ixo^jji jjjSJ 3. .^ U IZj*. L 

.LK U^Iij jaSJI flilkl^l ^jjj U»L <kJ ^ ^ :; <ll 
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J-o C L»JJX. JjjjU <*^i>U.j I nj ■ ■■■> iV J^a <il>« 4-»>kl-» ljj.il Jl cAp-iJ 

0,ty.V"'V"° *'-1.2,...,c 

uL»i J* IV>^«"i <JLJ«J iojJilll 6J4J g^'jtV oVjLuo <jL£ ^ Lo-^A JjLaJ^u 

JJil .(S^i^^-iUI j5>Jl <ll ^ JjjJI .ui Jl«) S^iL« j^iill Jt 4_^L1I ^yAl 

: (11-6) > ^ 

< q k Ji\^y} L^ljlil VtiUl 6jaIju ^ill <5^-i iLLuJI <£>U1I ^J* v ^uiu 

(33-6) ^[(l|I-|L)_ a] ^ = o 

:u t-u (31-6) jjjill Oil*. jSl 
(34-6) XV* =0 



(35-6) Aqi =^- 

.(35-6) Ji-iJI > SJjU-o c^ J.^V. I3J <ai1 <1jLlx cJI_l» ji jl Lu 

(36-6) X (A i^i + A 2V + "•+ A cV 5 &= 
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:^L^J\ >Uu <OaJ (33-6) J-q <£>UJI di* ^Joj 

^%"^ ) " (a+ ^ 1+A ^ 2+ '" +Ac ^ )1 ^ =0 






(37-6) 4| ZL -| I =a+iA I ^ = o 

tSj-U-, , (Lagrange Multipliers) gtlji.1 ^jUu(.57-6) ^iA.cJjai 

.L»>klLI (jJc. i^^ill jjjiill (^jSj -^Ih U^' (J^i« •**-; 



dv 



■J\ (37-6) Jbsy 



(38-6) ^A_A = y, ^l =0 

<**& <?& jtj <?<& 



.io^kUJ gJljtV <JIj Liua. 
oLJI ^SJI ^ ^jVl > j^Vl di>ll j,1 Wi (ll-6)_, (38-6) tjli-, 

.('LuL <kiUJI ^) i^kJll Jc Um^ill j^ill ^ jku (38-6) > ^Vl 
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2 -^tr.ll dL^aJ Jt >a liA j_^LJI J,V <<^_hJI oVjU-o J 3-ojki- Jc 
p> J£ <> sj&tl <*>ill V L^ Jc V (t-jll <iU»j <^JI <*U° v 1 — ~) 
J*i jj£ .JtfjaJl Sjjill ^jill <i^c VJ 1UI ^ <i^ oVU J <il Vl .Ifi* 
(38-6)oUiUlL S 11*11 gil>V oVjLl* ^jIju dljl .£ll 1*±± aA jl £^ 

(Constrained Motion) 6 Jaill <^>aJ ' ^jit 4-11*1 11-6 
<IjLj 5ji ^,1*. <j!uo*J^ £ja.£4-6 J!l» Ll 

ij^ oi£ Jl SjaJI Jl~5 <(4-6) J^iJI J L^ . feU>5 va-»i 
Slk^ Jjl^ JKlJ 5j3 j^j i^uS ij^ 1 !>• Sjfi— II Sj£N jrj^^O) 

(1) 0<f s <tl s N 

Jj^j o^L* jf) f s j^ L.jic SjajSII ijl\ Jc Sji*— II SjUl jVjil (2) 

:4Sil*JL SLka-o ^j*. JI£lJ SjS J I 

(2) fk=-te N 

Ja_ill Jj 6^5 - ; ■ ^' Lojlc S w>:h? UI 6j£JI jJa-J 6j-j- t , ,-.1 1 SjUl SjjLj-a (3) 

JV=0 

Ui ii^ijVl i^JLJ <*-^Li <iu3 <^>J <£L* jllit lf£>* jx^-ail 

jai^JI <^ljj oS-<u Liu Lkjitl ^ ^1 <> Jbfr' O^ 1 u' c^'jll «> 
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IflJ^I cbLk Sjjt .^11 SjSJI Jk. Cjuj&tl JlSl^tflj Jxill Jj Jljl 



t^-jill jjli J^l j^jj £>=^ ^^-* 0L£ lilt <j1 <L^JJ 6jJb J^LL Ja^JU 
S J: jl^ <jjl3 SjjJLuJI Sjill u'jl9 j J^ *(4-6) J^.t.fl ^i MikSlll 4 » UVt ^jll 




(3) 



(4-6) JLill 



acp-(a+ b)0 



ji 



(4) <j> l =(a+b)O-a(p = 

L$jl£j^ <j-o ijLjQJI 4-l^il ^1 SjoJLucJI SjSUI J-^aj LjIc Lai . jV^jl aJ±> f^J 

(5) y = (a+b)O-acp = 



(6) 



r= a+ fr = ojS 
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:jl 



(7) 



02 = r-a+b-Q 



:ijik^\ IJJi ijS^JI <iUJI \J& <£>JI iu.ljJ :jVI 



r=±mt4+±/ CM p 2 



:a>m (2m« 2 /5) j / 4JILJI ^>j O b)0 .> v CM ysSl\ j£j- ^^ <> u^^L, 



(8) 



(9) 



T = \m(a+b) 2 6 2 + \{\ma 2 )<i> 2 



: JUSJL jJu-JI SjUl j-uaj <5U» y£i L£ 

V= mg(a+ b)cos0 



• Sjoj^II SjSJI j£>» fij* ait 0*0'^' ts> Jut *» k***' & 
dial .Ji4- ^4 j^>£ V dl£i*.yi 5ji jM jVjil 0^ ^ O*-^ 1 *J' ^ 



(10) L=T-V=±m(a+b) 2 2 + \(\ma 2 )q> 2 -mg{a+b)co$6 



(11) 



(12) 



:(4) jljJJI <LU* ^jW; v L£ 
«5p-(a+ 6)50 = 

: (35-6) > U^.j <? 2 «p j ^-0 l^uij IjU 
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:(33-6) jiljtV oVjLu, ,> <_& ji,l 



(13) 



\ddl dl . . ^ 

d dl dl 
at dq> dq> 



:a~ (13) C^UjUI ^i (10)0- I o^jxh 



(14) 



m(a+ by 6- mg(a+ b)cos$ = (a+ b)k x 



(15) 



(16) 



(17) 



(\ma 2 )<j> = -aX 



■ ^ (4) Jaill <JjLu, ^ 6jlilu.yL QOljLtil CjyU Jau 



Aj =-|mgsin^ 



<JjU- <> o^u LfriV dlii^yi SjS ^i ^LuJli ^i^v v 



.(4) 



6> = -^-sin0 
7(«+fc) 



Ji-% <** ^ Sx^ll ijill o< &*** .^r^ljiil ^1^ j^i^, Sj ^| 
<iOJI i,L£ ^ ^Jl .N J^ill jj ^ ( mg ikiLJI S> i]| 6 Uii^L) jj^ 

(18) i = |m(r 2 + r 2 2 ) + l(|m« 2 )^ 2 -m 5 rcos0 
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<iaj 



(20) 



dl d dl 

— =mr => ——:=mr 

dr at or 



— = mrO 2 - mg cos 6 
dr 



:^r* (5) jJII <JaU«o Li 

<5r=0 

(19) wr- mrO 2 + mg cos = A 2 

: l| Jj^ <LLJI <JjUII J,1 ^ < r =Cx ^ 't^W 

-mrO 2 + mg cos = A 2 



:s^j 



02 = lfi£« (1-cosfl )- 

7 f 

(21) A2 = im(17cos0-lO) 



r 



.^jjk* jj> L£ ,0=0 Lxk. iV=mg oi S^iL- J^^U 
iV,/ 0- JS 0%^ ' f s ' B l l s NU *' <i ^ L 



:j^j 



j mg sin S = /i s [i wg ( 17 cos - 10)] 
<^LJI <ljl*ll J~ .(slipping) jVjtfl Uji*. lax. ^31 1 iyljll 0, i 
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(22) 



cos c 



170/^+^756/^ + 16 



289 H 2 S +4 






(23) 



COS, 



10 

17 



iJ^itilL 



Ljjau* Ja I J pituy <£>* 6-6 JLa LJ 

<<T ,^lLo j^U ^Ijjj -ks>=^ cr^'^' £ UmiM ^^k m>j <.^ <£>*. jVI ^j^u 

ixuSj <P lAjJaS t QnVt S^lj^^lt m.i-%11 <£j^w -k>^ **^\$ <(5~6) J^lJI ^i L£ 




z=pcota 

(1) z-pcota = 

T = \m(p 2 +p 2 (j) 2 + z 2 ) 

(2) I=r-F=im(p 2 +pV 2 + i r 2 )- m g 2: 

:(1) s^i\ <JjLu» J-o J^j La$ 

8z- cot adp = 



^ tf 1 



il -0 j ^ p = -cota j i4 z -l 



:J££lL pjzJ <^uulJL ^l>V <JjLu> ^^ dU.il 

(3) mz+mgz = A 

j 

(4) mp- mp^ 2 = -A cot a 

(5) — (mpV) = 

(6) z = pcota 
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(6)j(5)j(4)j(3) oVjLdl <t.j*^ J^ 

(7) mp 2 <p= c *i& 

j 

(8) p -p<p 2 sin 2 a + gsinacosa = 

■*■ J Z J<P i>J»i(3)j (7) j» Sjlii^yijp J <^L (8) <ljLdl J^ 
jj jaJ JSait P U>5 J-i <Ju1 S^lj Jft j±u fM ^l\ J L^Iil |j| : jVI 

:(4) <JjUil ,> J*i]| 

.2 



A= mpo£_ 
cot a 



(9) A=^^ 

nip] 



(7) 



a*^> o^i**^ 



o 



(The Spherical Pendulum) ^j^lll JjxLJI 7-6 Jl» O 

Oikii ait ^Vl <ijL_c*pj> AaIjL L^ <iLu, m<t& ,> lil> Vjau j^Ui 

.iJSIl 4151L ^^^ <| <iUi k^ji ^j ^^ 

r^lill J^ill ^lj) <JbU]L sLk^ m<t^, ^ JJi ,(6-6) J£JJI ^ 
\=r T x + r6 Q 1 + rsin8<j> ^ 

iyljll jLjjl aUsL Sjaj <^2» Q^j r <L*lil jLjjl 6 U^L 6J*.j <ai« Tjdua. 

•0 ^w'3" J ^ J j' »^'j *- ia> J ***** 4j$ 
:«bUL SLk~ J^iiJI i^^JI <3UJI j^j ,= 0^ « ^/=cuQ :J L, 

r = ±m(/ 2 2 + / 2 sin 2 00 2 ) 
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T = \m(l 2 6 2 + 1 2 sin 2 0<p 2 ) 
V- mgz- mglcosO 



Z=r-F=^m(/ 2 2 + / 2 sin 2 ^ 2 )-mg/cos0 
giljcV <hbu> J^yii .(dL/dq> = 0) J*f* ^1^10 01 e?1 <<P <sy>*t z u> t*& 

l^ = l [w/ 2 (sin 2^ ] = 



e- f- 



:5 ^J^ ^ A/> L>* iS 



p0 = — r = m/ sin 00 = cut 



* p 



: u" tf 1 



0: 



P* 



m/ 2 sin 2 



• fl«fl iijI^U 2.,,.'.ll. «jl_>c.V 4JjLu> Ll 
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ml 2 0- ml 2 sin cos 0<j> 2 -mglsin0 = O «= ——-<?L = o 

dt 90 d6 



aj <aJlLlll <JjLJI £}l^»jj lfl"«j«.A ^nijnli 



:j^j 



2 

-K , P<h , COS 2 . „ 

mT sin 3 / 



jij*. L^ 1 -.iU-i., ,I Ijl ,3-ojJI ^0 j^ ^S <iLJI <ljbdl J^ ^K' 

'^0 ^>° ^' O^jJ' t*0 oljAilJ J>~ajil ji*. 

■ V^ 'OSX^ 1 Jj^ 4^41-^jaJI oVLU iijjj. <JSI| <ilUI i^LU 



,2 



£=r+y=I>»/ 2 2 + — |*— - +mglcos9 
2ml sin 



\ml 2 2 = E- [ V(0y 



=jl 



:^l IjL- 'K0)' Jllill J^JI Ux^j c 



2 

'K0)'= P^-+mgl cos0 

2ml 2 sin 2 

.E>>K0)<^ ^i\0^ S^ K^JU Ijl ,Ujj m/ 2^2 /2 > 1 L, 

:C^luVI CryiLaJI ^ ££-JJ SS^JI £1^1 ^jjluuv 

:<Gjsj .0 = 0^1 J^Jt grm..M P^,~Q (1) 
=Cul3 

: t^i LijL«" aliia. JLill a^aJI jj^aj .xjd ^jl>o y..-« ^i fZ iS^pJU 
'V(0y=mglcos0 

.Joo^uj Jpii KjaJ <5jIjL» t^juUI JLj_LLJI iS^a. ~;-a'j 
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:^jLdUjj (6 -K IaXxc ^-ojL jJlju&\ JLxaII JfaJI <jl5^ ^°^ 

'V(0)=-mg/ 



'V(0) = mgl 
E = , V = - mgl 



.K IjU 



.(._il.^» ._. i ■ ni i JLisJi Ujn...l Ijl I.W).# =0 JJC 
V. ...... . * / 

j^jL iS^aJ i^LA* ^jj^" JbA^ 1 ^ 4>^ ^ ^ LaJI 6iA tr* : p0^O(v) 

<] <£jAdLA iiLfJ JLlA Jl (7-6) JSLuSJI ^ JUltl JfoJI ^Wu {y> Ja^^lij < Inj . im 

«0=cu£ oi ^1 < ^ = Q J: u- a : jijk.fi- 1 KOoy^K IjU ,k>6>k/2 £uju> ifj^^k 
us; <ci Ji^^i: us .(sljLL) a=n-Q <^-1jll <%*'j Uoj^L-o J>uJl ^j^i 

Ljk 7T/2J <LjL«la j i i r\\ {j\ ^j 0Z J^aJLl Jjj* <^ljjJ <-Cjjuj ojljjl US jljjj 




(7-6) JLill 

0£jjjxII J[>a ifjilj JjjlJI <£>* j j yr%\ Lojk <0« p £>u <jfoUJI jLa^V 



: t^ (^o"^^ : ^) 
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K 2 



"0 m/ sin 3 0a 



2 _ m 2 / 3 sin 4 o 

p0- 

cos O 



Pq = (pml 2 sin 2 O 



0= ^ 



:<loj 



:JI Lu 



(-/cos# ) 
^ 5JLJI 6iA ^ JjjLJ] <J£]| ftUJI j^s^ 



. ? 



P ! „2-3siir0 o . 
E = ±mgl( — -1) 



COS0, 







^i oz^^JI J^ jIjjjIL JbaV'fji? &-** 'K0 O )'<> JJL ^1 £o^ 131 Li 
cO o J>^ 3141^0 jV <a o J>*> ^-fllj^ JiAia ^IjJI <CLjlj ^ju^ Lj>^ 



j2, 



:j^ii j^d ?l,„l,„. ,_,,■■->; %0)'jJ& 
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^ dd e - e ° 



.2 



, r d z 'v(d)\ 



d0 



2 



>9=e lt 



■Cx£i 



<v(9y=E +\K9-d Q ) 2 

:J\ <SQJI <bl~ Jb^ <«>1 jl <^A )3 ^ ^ LJI ^ ^ ^ 

im/ 2 2 + i£(6>-0 o ) 2 = £-£ o 
E-E <SU»j .m/^ .J~~u ^IP jW <5U»" ^-^ S ^ VI 55iUJI ^ 

^ ~ * - 

L^VI Jj^l *^l W ^' j*~* - - o ^'^ ^^ J ^ J 

2 k k g r i+5cos 2 e 

G) = — = 7 = T^ a } 

M ml 1 I -cos0o 



<^ 3d) <Jj^ 



» _ 1 

<y 2 l + 3cos 2 ( 



,> IU oz^l J^ Jb^> u'jjJ ^>- 6" tfl -W>0 CMJOO^Z j,l Lu 
.ozj^ <iljjj J^ Jb-^ 1 £?■-& U «J i " Vl J J 6 ^ 'J 1 ^* 1 ^ 
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jl> Kj^i <uUic 11a .ozj^l J*. 6^^ ji L*2L LlL5 ^ji ^itl JjjlJ 

L-J .cgJjl i . uTi . J^JJjIj jjjJ^Ulo (^JJtUjI ^^Jc jp,,m j-i <Jj^l» ,J^l>> 



(Hamilton's Equations) J^LLLaoV jLuo 12-6 

(39 ~ 6 ) ^ = T~ *=1,2,3,...,3^ 

%N '"'Ai^v 3 %N l ' > > < q 2 < ^<1Vuj p^oLoSlI ^UatL <LLJI oU^UJI dji; 
• P k fj^'j ^ oLSI^VI <lVx> K^JI oVjLl* LK Sjiill 6.1a ^i J^Ul^ 






+ — dt 
dt 



: u' tfi 



3N 



(39-6) dL = Y(Pkdq k +p k dq k )+^dt 

*=i <" 
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:<S5UIL Hq,,q 2 ,..., % N ,P X ,P 2 . • • ■ > V aiJI ° V ' ^ 



3A ; 

(40-6) # = £&<& -^ 

:0l (40-6) j (39-6) > A^ii T ^jllj oLSl^?! <1^ <4^> <> ^^ 



3^' 31 

(41-6) dH=^(q k dp k -'p k dq k )—^ dt 

t ,>jiij <//>, j ^,> js ^ c^- J^ -^ Ho1 S ^ V1 ^ ^ ^* 

\J\ I « Ajl ^i Ia£ 



(42-6) fc^ ■ A=J^ * = 1,2,..,3* 



3H 31 

<«- 6) ■ 3 7 = "'3T . 

oLSI^I <W* g^JI .u~ I4A tt^l oV.L^ (42-6)oUiUll >*2 

.(Hamiltonian Function) jjlL»U<JI j ^J H Jt jlky .j^jllj 

, At Lis dllj 



:jl (Ztoferfe Theorem) Jj\ i*^ <> ^ 

(44 " 6) 4 ?,*94 
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3 AT -w 

(45-6) // = £^|fL_ z=r +K 

^> <M j] «<£>Jl c^lj!; ,> LlG Hjju^uj .(43-6) <fcUll ^ Jk^li U£ /Li^i 
(46-6) *=^ 

dt dt 

.oLulj^VI 61a ^ (ignorable coordinates) <L^c*LL*tj^\ 
.j^lll ^ <t^^ii <juail)L JaI£i1L (42-6)oU^UJI ^ S^Lo 
(47-6) ft (,) =ft ( )+f^Lrf/ 

^j& t^^Joxjj .<Sj^jl ^i <2hj^ Cjyl^ <uJlifc-o <£.! > 1^ ^^a Jj^iULa oVjLla ^jl 

:^k^' '-"^ l^»p ^i!lo Uji.it ^yialj^ j'j-* ^l^ (c^ 



p= mj 



2 m 
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: 4 j l $1LoLa <JIj 



f-> O 



: I (42-6) ujlLU 



m 



p = -kx 



^ ^ IjJ .^1 ^i L4J L^Li^ <-^J ^ jU "* > SjL.I-.VL 60* 



J-tl <«l A 

Jc J^i, mf^e (l) > J* ^ Jf^J ^3^' ^ ujl oLil^VI L 1-6 

?(8-6) JK.^.Vl ^ L£ < (double pendulum) 




(8-6) JKJ.VI 
^|p j|> (1) :<JLUI oU^kUJ ^il^V oVjLmj gil>V <lb y^l 2-6 
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j m 1 =2m 2 ji LijiLo ( v 9-6) JUJL i^^l iojk^ll JljoJI j^S .J^ J£ 

.m^=m=4m 2 j m =5m 




□ 



m, 




1 



□ a 

11 ( v ) m i 0) 

(9-6) Jl^JI 

oL5l^.l 'ijti* (10-6) J$uil\ ^i ^LAtl JjoiJJ ^\jLi oVjLa-. ^1 5-6 
.m<<m 2 j m ] >>m 2 : ( ^oJLJI 1^la-o '_•»_•; LM oljjjlJI j^j c^jf*^ 





(11-6) J^iil (10-6)J1^JI 

.(11-6)J1A1I ^ ^ji\ Jitflll JjjlJl K^JI oVjbuo y£l 6-6 
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JU-* ^1 iiU>VL I n fl m v jU^JI S>5 ^jS'g o^ m 2 j m 14 j tLfcS d>^ 7-6 
<iUull ob g = £ k ul L^jlLa (xj,z) 4J3SJI 3^ oLul^xl jxk-l .gculS <^% 
.0j0 Cj f»j.» k ill C^j'^L, loon; cMjll J^ I *U;I j^j r^ m 2 jtn l ux 

oVjLjl-o ^lll (1) .X= a COSG)t:J\ c^-> ollioJI jj^^ ^ <^L£ J^^ 

6>L> fji^ lj^'^ j'j-* ^>^ <->LJ£ miSjja. jii Sj-ii-x-o oIjI^IaVI Ot^ 
.(steady-state solution) <j£\J\ oljljiAVI <1jL»-o j^j ii^ i^jLk 

X.,, _L jj.-« M<lK jLki 4->j£. - aa.,., clAljiaj TH <GJl& < Uj ■ ,t\ JjSu J]*-* 9-6 

oVjIj^ ^1 (1) .<^JJ ^Ija ^^L^ j1~*a ^ Jj^ 11 3^ dl£LJ Jjj^ 

.3SLUI <2Ljjlaj <£>JI ^U .liisJj Ja^a l^^I ^^ ^ 0A>?J jhL>^ 

.JKlJ ^ jV^VL Ixuja ^jl^ <ul* LuLua ^1 Jo^U ^ jiLu jH^ 10-6 

^1 ijjI^IIL* .LiUI J-a ^Ui ^ ^ fluJI 01 ^^ ^J^ { oVjLla ^3Si 
.(d|Jj CJ^ o|) <Ul * lT^' ,j ^ ^=^ ^L=JI j-o jJLJI l^thnt 

-GjjIj Ou^ (inverted cone) ^j&* ^jj^I ^W t L=uJtl ^ m5J ^ ^^ U ^ 
g^l^fcV oVjLl-o ^iSl (1) .JLSi <ajjLJIj J*ill jJ j^AiJ du^»a i^ijl 

JSIj^J ^ oz JL^ ^l jix^ ^ m ^>o jj^3 ^10 SjjI^II i>\ o*j> .p j^ 

L^ jjSl ^Ill0 ijjljll <^^ull ^ ( v ) .JUuaJI jfJI <if>u <^>^JI J&^J J^r* 

. a = sin _1 (l/3) 1/2 <=^j^ <^5 ^> >^>1 ji jjSla 0j^ 
JUJI ^ L^ itslll Jx^ cdJLa, <LLu^ <i>ll c-iiuu m 2 j m^L^jS jJx. 12-6 
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d'\ OA* (l) .ic^kiil yifH djLj <ujl^ ^i (La^ j|) Lao^I jaj, (12-6) 
e-A>ll UU» oi Lu^l <>_* (v) -vein" <> '^^1 u-^iJIj OiVl^ojjJI 

.^^ J£j dLJI Jli cut Jc T 2 jT] J* cu. ^= jlT^ + TzC^-^) 2 ]:^ 
•<j«jJ»JI oIjjjUI j^j l^Lw, Ju,kiJl ^I^V oVjLuo ^jSI 





(13-6) JS-ill (12-6)J<Lill 

0- ^iyl\(MyaUGoverner)^jU^ d>U <^ ^u (13-6) J££j| ^^ 13.6 

f UiUi ^ ul, .Lis ^jji ^ ^ ji>a1 , ,^ ^ #Af ^ ( ^ ^,. „ 

<i>e L^Lj <f^j| oVjt^ ^ .^qji j ^ ( j^ ^ ^^ ^ 

.<3,i5ji <s^ji s ^ j^ s^i^ji oijijiAyijjjs j^j tuts ^^^.^Ujsai 



iyljll <c^JI 01 j^ <s^j| VjU^ ^1 .La ^jUJIj Jxiji jj L-li 

.1^ S^ji^JI cljljlAVI JJJ1 ^.j tyilJl'SjaJI jljJl^l ^jjl 

££ du^ 2i?U>i <^ s^ o^ ^Idl jJ^Ji ^ OTf ^ d> ^ 15 . 6 
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.(0 6 U2L s^j <^l. +1 o^) A=flJo$ 1 /2:Jliil J*, (vector potential)^ 
oUIj^I 4^^ oe-j JM 1 liA tf* J ^e us*^* (^-^ ^'> v *"■* v^b 

<kii Jl Jjl <k£i o- uA^ 1 <> ' e ^ m ff- 1 -^ $'i^ fj^ 1 <>^ ILl 17 " 6 
.-,-.- , (14-6) JLill ^i l£ , JjiLi, j^o^ ^i jj^^ o^' JL- ^ 4 IjilS 




X 



(14-6) JS-UI 

jl« <>j ^^J»1 17-6 <JUJJ ^ j^JJtl f^l 3j^- ( UJ ^ ^*-* 18 " 6 

1+ j 2 + 2j{>'=0 : (jr A 

.j^L. j* 18-6 tfu-ll ^i gSttl J±M J^ 0*1 uA* 19 ' 6 

f I^L.L , p j EV1± (7-6 JUL.) ^>JI Jb^ll ^ ^ a^ll ^1 20-6 

. SjaJl oVjUx oe-j c^jj^ 1 Jb-^ o^ 1 * <" J v^ 1 21 " 6 

.jl^fll &jaJI <ljL»-o Ja.j 
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tj^lialA oVjLx^ c-u^I fh Cj^jjAjlqU Sjj ^ ^jj£J^l ^^iLU <Jlj cjl£l 23-6 
<Jlj ^Sl .V=-(Kcos6)// SfcUlL cr k A x ^^ JL^ ^i p JM . ? d^L 24-6 

.4£,j^aJ] JjjILoLa oVjbuo ^j^KImJj ^-u-toJI Ij^J JjjILLa 

oVjU-* jrjJ^Luulj 5-6 <ILuJJ ^ vJaL^.11 Jjxuil ^jjJiLoUb <Jlj ._."< ! 25-6 

iSlia JJ^.J <iilUI <ij>laj 6XaJj JS J^. O^-^ ^ ti *' A J^ 6J_aJj <Jj^ <-^J^-> 
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